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Abstract

We present a new fundamental equation of state for fluid carbon dioxide, which is an al-

ternative to the current reference formulation published by Span and Wagner in 1996. 

The equation of state is formulated as the Helmholtz energy as a function of temperature 

and density. The ideal-gas term is based on new, high-accuracy results for the ideal-gas 

heat capacity. The real-gas term is fitted to a variety of critically assessed data sources, 

including several that were not available in 1996. The range of validity extends to 2000 K 

and 1000 MPa. The new equation of state performs similarly to that of Span and Wagner 

for most properties at most conditions, but is an improvement for virial coefficients and 

supercritical densities. It is also free of some minor unphysical behavior near the critical 

point exhibited by the Span–Wagner equation of state. The more efficient structure makes 

it faster than the Span–Wagner equation of state by a factor of 1.5–2 when implemented 

in NIST’s REFPROP software.

New auxiliary equations are presented for the melting and sublimation curves. The previ-

ously published formulations for the viscosity and thermal conductivity of CO2 were tested 

with the new equation of state; it was found that use of the new equation did not affect 

their accuracy so they can continue to be used with the same parameters.

Keywords

carbon dioxide; density; equation of state; heat capacity; sound speed; thermodynamic 

properties; virial coefficients.
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1. Introduction

Accurate thermophysical properties of carbon dioxide (CO2) are important for design and 

optimization in several contexts, particularly those related to power generation. Some 

proposed advanced power cycles can incorporate carbon capture within the cycle itself 

rather than removing CO2 from the flue gas [1, 2]. A growing area of interest is the use of 

supercritical CO2 as a working fluid in power cycles, either as an alternative to water/steam 

in a closed cycle or in the context of a combustion turbine that produces CO2-rich gas. The 

use of carbon dioxide as the working fluid can produce efficiency advantages compared to 

steam; it can also allow more compact turbines and reduce the materials problems that 

can arise with hot H2O [3–5].

In all of these contexts, design and modeling requires an accurate and well-behaved equa-

tion of state (EOS) for carbon dioxide [6–8]. This is obviously true for applications where 

the CO2 is nearly pure, such as pipeline transport or use of supercritical CO2 as a work-

ing fluid. However, the carbon dioxide EOS is equally important for mixtures—both in the 

obvious sense of providing an accurate contribution to the mixture properties but also be-

cause its numerical behavior, including in extrapolation regions, can produce problems in 

mixture calculations.

Currently, the standard source for CO2 thermodynamic properties, both for pure CO2 and 

within mixtures, is the reference-quality equation of state published by Span and Wagner 

in 1996 [9]. This is implemented in standard thermodynamic property packages such as 

NIST’s REFPROP program [10]. The Span–Wagner EOS is valid at temperatures to 1100 

K and pressures to 800 MPa; while this encompasses the range of expected power-cycle 

applications, the experimental basis for the EOS is rather sparse above about 700 K.

While it is adequate for most purposes, some shortcomings have been identified in the 

Span–Wagner EOS. There is more uncertainty than desired at high temperatures, and in 

general the extrapolation behavior (both to high and low temperatures) is not as good as 

can be obtained with modern EOS technology. The extrapolation issues can cause prob-

lems when CO2 is used in mixture calculations. There is also unphysical behavior in some 

derivative properties near the critical point, which among other things causes unphysical 

behavior in the thermal conductivity in this region [11]. The form of the EOS is rather com-

plex, making it computationally slower than desired for some applications. Finally, new 

experimental and theoretical information that can improve the accuracy of the EOS has 

been obtained since 1996.

In this work, we make use of new data and advances in EOS technology to generate a new 

equation of state for fluid carbon dioxide, which is an improvement over the Span–Wagner 

EOS in some respects. Further refinements are desirable in order to improve the behavior 

in certain areas, but resource limitations prevent that at present. The equation of state 

presented in this report is offered as an alternative to the Span–Wagner EOS, and may be 

particularly attractive for users who desire faster computations.

1
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Table 1. Physical constants and characteristic properties of carbon dioxide (CO2)

 Quantity  Symbol  Value  Reference

 Molar gas constant R 8.314 462 618 J mol−1 K−1  Mohr et al. [13]

 Molar mass M 44.0095 g mol−1  IUPAC [12]

 Critical temperature Tc  304.1282 K  This work and [14]

 Critical pressure pc 7.377 03 MPa  This work

 Critical density ρc 10.6249 mol L−1  This work

 Triple-point temperature Tt  216.5909 K  Kawamura et al. [15]

 Triple-point pressure pt 0.517 95 MPa  This work

 Acentric factor ω  0.2249  This work

2. Physical Constants and Characteristic Properties

Table 1 lists the most important physical constants and point properties relevant to the 

development of the new carbon dioxide equation of state, including some properties cal-

culated from the new equation. The molar mass is calculated from the standard values 

given for carbon and oxygen in the “2007” IUPAC (International Union of Pure and Applied 

Chemistry) atomic weight evaluation [12]; later IUPAC evaluations replace these standard 

values with ranges and rounded conventional values that are less useful for calculations 

such as those here.

Among the critical properties, the most important for developing the equation of state is 

the critical temperature Tc, which serves as a reducing parameter in the EOS. Once the

value of Tc is chosen, the critical density ρc and critical pressure pc are typically left to be

determined in the EOS fit, at least if there are sufficient experimental data near the critical 

point. Tc and pc are strongly coupled, since the slope of the vapor-pressure curve provides

a change in pc corresponding to any change in Tc.

Many studies have reported critical parameters for CO2; Span and Wagner [9] cite a num-

ber of sources. In Table 2, we list six recent high-precision determinations; for the first 

four in the table the original Tc was reported on the International Practical Temperature

Scale of 1968 (IPTS-68) and the values in Table 2 have been converted to the International 

Temperature Scale of 1990 (ITS-90) [16, 17]. Moldover [18, 19] determined Tc in two in-

dependent ways. The 1974 work used direct optical determination, while the 1979 work 

derived the critical temperature based on theory-guided analysis of the gravity-induced 

density profile in a fluid sample very near the critical point. Abdulagatov et al. [20] based 

their analysis on measurements of the isochoric heat capacity in the two-phase region near 

the critical point. Duschek et al. [14] based their analysis on coexisting vapor and density 

measurements near the critical point; their value (converted to ITS-90) was adopted by 

Span and Wagner [9]. Nowak et al. [21] revised the analysis of Duschek et al. and added a 

bit more near-critical data, recommending a slightly higher value of Tc. Finally, Kurzeja et

2
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Table 2. Selected literature values for the critical parameters of CO2

 Reference Tc (K) pc (MPa) ρc (kg m−3)

 Moldover (1974) [18]  304.119  467.8

 Moldover et al. (1979) [19]  304.122  7.375  467.0

 Duschek et al. (1990) [14] a  304.1282  7.3733  467.6

 Abdulagatov et al. (1994) [20]  304.1272  467.7

 Nowak et al. (1997) [21]  304.134  7.3783  467.6

 Kurzeja et al. (1999) [22]  304.1363  7.378491

a Values adopted by Span and Wagner [9].

al. [22] used a highly pure sample and derived Tc from analysis of the differential pressure

between two near-critical isochores.

The variation of Tc shown in Table 2 is small, although in many cases the disagreement is

larger than the uncertainties claimed by the authors. Issues such as sample purity and the 

influence of gravity could account for some of the differences. Since there is no compelling 

reason to prefer any one result, we choose a value of Tc = 304.1282 K. This has the advan-

tage of being identical to the value used by Span and Wagner [9], so that comparisons of 

the representation of near-critical data are not distorted.

The critical density and pressure for the equation of state were not fixed in advance; they 

were allowed to adjust to give the best overall fit to properties in the critical region. The 

critical density given in Table 1 is, when converted to mass units, 467.597 kg m−3, essen-

tially identical to that used in [9]. The value of pc in Table 1 lies within the range of the

experimental determinations listed in Table 2.

The triple-point temperature was recently measured to a standard uncertainty of 0.36 mK 

by Kawamura et al. [15]. This value agrees within mutual uncertainties with previous high-

precision measurements such as those of Head et al. [23] and Pavese and Ferri [24].

3. The Equation of State

3.1. Form of the Equation of State

Like most modern equations of state, our EOS is constructed as a fundamental thermody-

namic potential in the form of the molar Helmholtz energy (denoted by a) as a function of

absolute temperature T  and molar density ρ . This construction allows all other thermo-

dynamic properties (pressure, entropy, heat capacity, sound speed, etc.) to be calculated 

by straightforward differentiation and combination of terms, as described elsewhere [25]. 

The use of a single potential to compute all properties guarantees full thermodynamic con-

sistency; it also allows data for properties that cannot be measured very accurately (such 

3
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as the isobaric heat capacity) to be predicted with better accuracy based on measurements 

of other quantities (such as the speed of sound).

The fundamental equation for the molar Helmholtz energy a is the sum of a term rep-

resenting properties of the substance in the ideal-gas state, a◦, and a residual term, ar,

representing effects of intermolecular interactions:

a(T,ρ) = a◦(T,ρ)+ar(T,ρ). (1)

Because it is more convenient to work in reduced variables, the temperature and density 

are reduced by their values at the critical point and the Helmholtz energy is reduced by 

RT , resulting in the dimensionless function

α(τ,δ )≡ a(T,ρ)
RT

=
a◦(T,ρ)+ar(T,ρ)

RT
= α

◦(τ,δ )+α
r(τ,δ ), (2)

where α  is the reduced Helmholtz energy, τ = Tc/T  is the reciprocal reduced temperature,

and δ = ρ/ρc is the reduced density. The critical temperature Tc and critical density ρc for

carbon dioxide are given in Table 1.

3.2. Ideal-gas Term

The ideal-gas contribution to the reduced Helmholtz energy is written as

α
◦(τ,δ ) =

a◦(T,ρ)
RT

=
h◦0
RT

−
s◦0
R
−1+ ln

δτ0

δ0τ
− τ

R

∫
τ

τ0

c◦p
τ2 dτ +

1
R

∫
τ

τ0

c◦p
τ

dτ, (3)

where c◦p is the ideal-gas isobaric heat capacity and τ0 and δ0 are the reduced reciprocal

temperature and reduced density at an arbitrary reference state of temperature T0 and

density ρ0, where the ideal-gas enthalpy and entropy are h◦0 and s◦0.

Equation (3) requires a formula for the ideal-gas isobaric heat capacity, c◦p(T ). Span and

Wagner [9] fitted their c◦p(T ) to calculated values obtained from a 1986 private communi-

cation from a researcher at Texas A&M University; to our knowledge that work was never 

published. Today, for small molecules it is possible to obtain very accurate c◦p(T ) by calcu-

lating it directly from a partition function based on state-of-the-art spectroscopic informa-

tion. This was done for the CO2 molecule (all 12 isotopologues, then weighted to produce 

results for the natural isotopic abundances) by Tashkun and Harvey [26, 27]. We fitted 

their results to the following functional form:

c◦p(T )
R

= n◦0 +
5

∑
i=1

n◦i

(
m◦

i
T

)2 exp(m◦
i /T )[

exp
(
m◦

i /T
)
−1

]2 , (4)

which when substituted into Eq. (3) and rewritten in terms of dimensionless quantities 

produces this expression for the ideal-gas Helmholtz energy:

α
◦(τ,δ ) = lnδ +n◦6 +n◦7τ +(n◦0 −1) lnτ +

5

∑
i=1

n◦i ln
[

1− exp
(
−m◦

i τ

Tc

)]
. (5)

4
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Table 3. Values of parameters for Eq. (5).

i n◦i m◦
i

0 3.500 11

1 1.6429 946.0

2 0.4 1063.0

3 1.0196 1985.0

4 1.027 3502.0

5 0.202 10 884.0

6 −6.125 109 366 639 762 2

7 5.115 566 048 749 188 1

The parameters in Eq. (5) are listed in Table 3.

The values of n◦6 and n◦7 were adjusted to fix the arbitrary zeros of the enthalpy and entropy

scales; calculations for real thermodynamic processes are independent of these values. 

Here, we adopt the reference state that is common in the refrigeration industry; for the 

saturated liquid at 273.15 K the enthalpy is taken as 200 kJ/kg and the entropy is taken as 

1 kJ/(kg K). We note that this differs from the ideal-gas reference state used by Span and 

Wagner [9].

One subtle point is that, because the ideal-gas term is based on a molecular partition func-

tion, the corresponding temperatures are on the thermodynamic temperature scale. The 

real-fluid equation of state, however, is fitted to data whose temperatures are on the In-

ternational Temperature Scale of 1990 (ITS-90) [16] and therefore is considered to be a 

function of temperatures on that scale. Estimates have been published for the small dif-

ferences between thermodynamic temperature and ITS-90 [28, 29]. The effect of these 

differences should be negligible for the purposes of any practical thermodynamic calcula-

tion, but they may be significant compared to the small uncertainties attained for c◦p.

3.3. Real-fluid Equation of State

The residual contribution to the reduced Helmholtz energy is written as 

α
r(τ,δ ) =

ar(T,ρ)
RT

=
IPol

∑
i=1

niδ
diτ

ti +
IPol+IExp

∑
i=IPol+1

niδ
diτ

ti exp
(
−riδ

li
)
+

IPol+IExp+IGBS

∑
i=IPol+IExp+1

niδ
diτ

ti exp
[
−ηi (δ − εi)

2 −βi (τ − γi)
2
]
, (6)

where IPol = 5, IExp = 7, and IGBS = 12 are respectively the number of polynomial, exponen-

tial, and Gaussian bell-shaped terms in Eq. (6). The parameters of Eq. (6) resulting from 

the EOS optimization process are given in Table 4.
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Table 4. Values of parameters in Eq. (6)

i ni ti di li ri ηi βi γi εi
1 0.032 646 485 1  4
2 0.828 749 590 01 0.16  1
3 −0.718 938 788 655 1.1369  1
4 −0.842 769 989 070 51 1.1  2
5 0.109 225 7 0.4217  3
6 −0.892 02 2.514  1  2 1.1368
7 −0.5989 3.666  3  2 1.182
8 1 1  2  1 0.81
9 −0.013 545 1.219  7  2 0.666
10 −0.005 117 2 7.25  1  3 1
11 −0.034 668 8  2  3 0.7514
12 −0.394 52 0.7  1  2 0.4656
13 −0.188 2.7  2 1.682 2.655 1.398 −0.1762
14 0.227 05 2.4  1 1.7558 0.567 1.3241 0.4031
15 0.225 18 2.582  1 1.8562 2.249 1.245 15 0.771 85
16 −0.340 52 0.536  1 1.337 0.74 1.2006 −0.0849
17 −0.1 1.46  1 1 2.34 1.1453 0.6133
18 0.190 96 1.2  1 1.864 2.3 0.9526 0.0379
19 −0.257 846 5 1.0305  1 0.9388 0 1 1.0626
20 −0.191 1  2 10.35 60.79 1.3085 0.652
21 −0.022 783 1  2 10.52 327 1.1085 0.8918
22 −0.0005 1  2 43 22 000 1.0131 0.972
23 −0.000 004 4 1  2 200 60 000 1.005 0.9
24 −0.000 084 8 1  2 250 1 000 000 1.0024 0.978

3.4. Fitting the Equation of State

The parameters in Eq. (6) were fitted to a variety of experimental data. The use of a 

Helmholtz potential allows different types of data (sound speeds, densities, virial coeffi-

cients, heat capacities, vapor pressure, etc.) to be considered simultaneously. The fitting 

algorithm was originally described by Lemmon and Jacobsen [30] and has been refined 

through the years to better constrain the behavior of the EOS; a recent summary is given 

by Akasaka and Lemmon [31].

When necessary, input temperatures were converted to the ITS-90 scale using established 

procedures [17, 32]. A small adjustment due to change in temperature scales was also 

made for older heat-capacity data that depend on measuring a temperature difference 

[32].

4. Comparisons with Data

A thorough overview of experimental data for CO2 thermodynamic properties was given 

by Span and Wagner [9]. We direct readers to that paper for many references that are 

mainly of historical interest. In the following, we focus primarily on those data sets that 

were deemed to be the most reliable by Span and Wagner and on high-accuracy data that 

have appeared since that work. Data of lesser accuracy that cover regions where data are 

lacking are also used in comparisons. When necessary, experimental temperatures were 

converted to the ITS-90 scale.
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In some cases, we will analyze the agreement of equations of state with experimental data 

sets in terms of statistics based on the relative deviation of the experimental quantity from 

that calculated by the equation of state. We define the relative deviation ∆r,X  of a property

X  for a given data point by:

∆r,X ≡
Xexp −XEOS

XEOS
, (7)

We can then define the average absolute relative deviation (AARD) and Bias for each data 

set as

AARD =
1
N

N

∑
i=1

|∆r,X ,i| , (8)

Bias =
1
N

N

∑
i=1

∆r,X ,i, (9)

where N is the number of data points.

4.1. Ideal-gas Heat Capacity

While in principle the ideal-gas heat capacity could be obtained by extrapolating gas-phase 

heat-capacity measurements to zero pressure or from analysis of gas-phase sound-speed 

data, for small molecules such as CO2 an approach based on molecular physics is much 

more accurate. Information on molecular energy levels is obtained from spectroscopic in-

formation, and either used directly or used as input to a molecular model in order to con-

struct a partition function for the molecule. Appropriate manipulations then yield thermo-

chemical quantities such as c◦p(T ). A state-of-the-art calculation with this approach was

performed by Tashkun and Harvey [26, 27], and their values for CO2 of natural isotopic 

composition were fitted by Eq. (4).

In Fig. 1, we show the deviations of our EOS and of the Span–Wagner EOS from the cal-

culated values of Tashkun and Harvey. The new EOS represents the high-accuracy calcu-

lations much better than the Span–Wagner EOS (which was fitted to older, less accurate, 

undocumented molecular calculations). There is some small room for improvement above 

1000 K, but the magnitude of the error is smaller than the accuracy of any conceivable 

heat-capacity measurement.
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Fig. 1. Deviations of the present EOS [Eq. (4)] and the Span–Wagner ideal-gas 

formulation from the calculations of Tashkun and Harvey [26, 27] for c◦p. Dashed lines

represent expanded (k = 2) uncertainty of calculated values.

4.2. Virial Coefficients

The virial expansion is a systematic series of corrections to the ideal-gas law in powers of 

the molar density ρ . It is written as

p
ρRT

= 1+B(T )ρ +C(T )ρ2 + . . . , (10)

where the second virial coefficient B(T ) is rigorously related to the interactions between

two molecules, C(T ) represents interactions among three molecules, etc. At low and mod-

erate pressures, accurate values of B and C will produce accurate gas-phase properties.

A major source of B(T ) for our fitting was the calculated values of Hellmann [33], which

span a temperature range from 150–2000 K and were shown to agree well with the best 

experimental data in the range where good data existed. These calculations were later 

extended down to 75 K and up to 3000 K [34], although the high end of this tempera-

ture range is less physically meaningful because the real molecule will undergo significant 

dissociation.

Figure 2 shows the behavior of B(T ) over a wide range; our new EOS is in good agreement

with Hellmann’s values over most of this range, especially at high temperatures where 

Span and Wagner have a clearly incorrect temperature dependence. Span and Wagner 

perform better for B in a range of temperatures from about 250–350 K, where their EOS

was constrained by the accurate experimental data of Duschek et al. [35] (which were also 

used to optimize the pair potential developed by Hellmann [33]). The differences near 

200–250 K are not as large as they might seem because of the large negative magnitude 

of B; they are less than 1 % in relative terms. The expanded uncertainties of Hellmann’s
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calculated values (see Appendix A) are 0.5 cm3 mol−1 for most of the temperatures in Fig. 2, 

with larger uncertainties at high and low temperatures; the differences from our EOS all lie 

within those expanded uncertainties. For Hellmann’s B at lower temperatures, the relative

deviations of our EOS values are less than 5 % down to approximately 100 K, and the EOS 

is in qualitative agreement to the lowest calculated temperature of 75 K.

Fig. 2. Difference from new EOS of values of B from Hellmann [33] and calculated by the

EOS of Span and Wagner [9].

Figure 3 shows the differences from our EOS of selected high-quality experimental deter-

minations of B [35–42]. In the limited range where experimental data exist, the agreement

is good within the scatter of the data.
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Fig. 3. Deviation from the new EOS of experimental values [35–42] of B and of those

from Hellmann [33] and the Span–Wagner EOS.

The third virial coefficient C is more difficult to measure; some data exist but with much

more scatter and uncertainty than for B(T ). Values of C(T ) have also been calculated

by Hellmann based on a three-body potential [43] in addition to the two-body potential 

[33] used to calculate B. Hellmann’s original calculations had a lower temperature limit of

190 K; the calculations were later extended to 140 K and the additional data are available

in [34].

In Fig. 4, we plot C(T ) as given by our EOS, by the Span–Wagner EOS [9], as calculated from

the ab initio molecular model of Hellmann [43], and from several experimental sources 

[35–41]. Error bars are shown for the calculations of Hellmann; estimation of these ex-

panded (k = 2) uncertainties is described in Appendix A. Most of the experimental sources

did not report uncertainties in C; the exception is the work of Duschek et al. [35] whose

data agree with the calculated values of Hellmann (and with our EOS) within mutual un-

certainties. Both our EOS and that of Span and Wagner are consistent with experimental 

results within their scatter, but our new EOS is in much better agreement with theoretical 

C(T ) below 250 K. The Span–Wagner values are also slightly inconsistent with the theo-

retical C(T ) above 400 K.
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Fig. 4. Experimental [35–41] and predicted values of the third virial coefficient C.

4.3. Saturated Vapor Pressure

One of the most important thermodynamic properties for applications is the vapor pres-

sure. Span and Wagner reviewed many data sources, ultimately relying in large part on the 

careful measurements of Duschek et al. [14]. We made a similar choice, supplementing 

those data by measurements in a metrological context at 273.16 K [44, 45], some more 

recent metrological measurements [46], and a value near the critical temperature from 

Nowak et al. [21]. The data of Kartal Dogan et al. [46], not tabulated in the original paper, 

were obtained and archived by Harvey [34].

Figure 5 shows the deviations of these data from the new EOS, along with the Span–

Wagner EOS. Both EOS agree closely with experiment, generally within 0.01 %. There may 

be some room for improvement in the range 220–260 K, but it is difficult to say with the 

scatter of the data.
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Fig. 5. Deviation of selected experimental vapor pressures [14, 21, 44–46] from the new 

EOS.

4.4. Saturated Densities

The densities of the coexisting phases along the vapor–liquid saturation boundary are good 

indicators of the performance of the EOS. The most accurate measurements are for the liq-

uid phase; the EOS is compared with selected experimental sources [14, 21, 47–49] in Fig. 

6. Both our EOS and that of Span and Wagner [9] reproduce the experimental data well,

particularly those of Duschek et al. [14]. The greater scatter of data at the highest temper-

atures is expected, due to the difficulty of making measurements close to the critical point.

There are systematic deviations for the data of Haynes [47]; we have chosen to follow the

data of Duschek et al. instead (Span and Wagner made the same choice).
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Fig. 6. Deviation from the new EOS of selected experimental values [14, 21, 47–49] of the 

saturated liquid density.

There are fewer data for the saturated vapor; Fig. 7 shows that we agree well with the 

data of Duschek et al. [14]. As expected, there is again more uncertainty near the critical 

temperature.

Fig. 7. Deviation from the new EOS of selected experimental values [14, 21] of the 

saturated vapor density.

4.5. Density

There are many different sources of measurements for the density of carbon dioxide in 

various states; a full review is impractical. Span and Wagner reviewed most of the data 
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available prior to their publication [9]. Here, we focus on the data sets that most effectively 

constrain the equation of state, either because of their high accuracy or because they cover 

a region in which few other data exist. Omission of a source from the graphs does not mean 

that the data were not considered in our work.

For clarity, we separately examine data at vapor-like and liquid-like densities. Since density 

varies continuously with pressure at supercritical temperatures, we choose an arbitrary 

boundary of 12 mol/L for these comparisons. We will also separately consider data at high 

temperatures (above 500 K) and omit data very near the critical point.

Figure 8 shows the percent deviations from each EOS for selected sources of experimental 

data in the lower density range as a function of temperature, and Fig. 9 shows the same 

data as a function of pressure. Many of the best data come from a series of measurements 

in the same group at the Ruhr University of Bochum [21, 35, 50, 51]; these are plotted 

together as “Bochum” and we note that Span and Wagner depended heavily on these 

data. The entry “Ruhrgas” designates two sets of density data measured by two different 

methods and communicated by Jaeschke [52, 53]. Several other sources of high-accuracy 

data are also plotted [36, 38–40, 54–56].

Fig. 8. Deviations of selected experimental density data from the new EOS and that of 

Span and Wagner for densities below 12 mol/L, as a function of temperature.
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Fig. 9. Deviations of selected experimental density data from the new EOS and that of 

Span and Wagner for densities below 12 mol/L, as a function of pressure.

In both figures, the right and left panels are very similar, indicating that both EOS fit the 

experimental density data equally well. The data from Bochum are described within 0.01 % 

for the most part. We note that the increased scatter near 304 K and 7.4 MPa represents 

data near the critical point, where experimental measurements are more difficult and the 

density is sensitive to small changes in temperature or pressure. In a few cases, mostly near 

the critical point, points are not shown on the figures because they are off the vertical scale 

of the plots.

Data at higher densities are represented in a similar manner in Figs. 10 and 11. The same 

sources are lumped together under “Bochum” and “Ruhrgas” as in Figs. 8 and 9. Both 

equations of state perform similarly well, but the new EOS does a slightly better job on 

the high-accuracy Bochum data, representing most of them within 0.02 % (AARD 0.006 %, 

Bias −0.0004 %) while the corresponding scatter for the Span–Wagner EOS is almost twice 

as large (AARD 0.010 %, Bias −0.003 %). The new EOS also better represents the precise 

high-pressure data of Mantilla et al. [36], which were not available when the Span–Wagner 

EOS was developed (AARD 0.017 %, versus 0.033 % for Span–Wagner). Representation of 

the other data sets shown [40, 55–61] is generally of similar quality.
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Fig. 10. Deviations of selected experimental density data from the new EOS and that of 

Span and Wagner for densities above 12 mol/L, as a function of temperature.

Fig. 11. Deviations of selected experimental density data from the new EOS and that of 

Span and Wagner for densities above 12 mol/L, as a function of pressure.

It is evident from Fig. 10 that there may be some systematic deviations of the new EOS 

above 400 K, but the experimental data are too scattered to be able to draw firm conclu-

sions.

Experimental data are much sparser above 500 K. The only high-accuracy “Bochum” data 

available are an isotherm at 523 K from the thesis of Brachthäuser [62]; the data are given 
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in an Appendix of [50]. We have lumped together for plotting purposes data from three 

papers of Vukalovich and coworkers [63–65], one of which extends above 1000 K. The data 

of Shmonov and Shmulovich [66] extend to almost 1000 K with pressures up to 800 MPa. 

Two other sources [54, 67] extend to moderately high temperatures.

Figures 12 and 13 show the deviations of these sources from the two equations of state. 

The differences are mostly insignificant. Both EOS agree well with the accurate isotherm 

from Bochum at 523 K. Agreement with the measurements of Fenghour et al. [54] is better 

for the Span–Wagner EOS (AARD of 0.036 % for points above 500 K, compared to 0.065 % 

for the new EOS), but this difference is within the 0.05–0.1 % uncertainty stated for the 

data. The Vukalovich data are mostly reproduced within 0.3 %, with more scatter for the 

high-pressure Schmonov data.

Fig. 12. Deviations of selected experimental density data above 500 K from the new EOS 

and that of Span and Wagner, as a function of temperature.
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Fig. 13. Deviations of selected experimental density data above 500 K from the new EOS 

and that of Span and Wagner, as a function of pressure.

4.6. Speed of Sound

Speed-of-sound data provide an important constraint on the equation of state. Even though 

the property itself is seldom of great technical importance, it combines both volumetric 

and caloric derivatives related to the expansivity and heat capacity of the fluid. Getting the 

sound speed correct is a means to ensure that quantities that are more difficult to measure 

accurately, such as heat capacities, are correct.

Table 5 presents the AARD and Bias (along with the number of data points N) for the differ-

ent data sets as computed by both the new EOS and the Span–Wagner EOS. We exclude the 

very scattered data of Novikov and Trelin [68, 69] that are shown graphically and discussed 

below.

At gas-like densities, the only data Span and Wagner had to work with were a few high-

quality acoustic resonance measurements from Lemming [73] and data from two older 

papers by Novikov and Trelin [68, 69], which we will plot together with the label “Novikov.” 

Importantly, there are now three newer sources of high-accuracy gas-phase sound-speed 

data from acoustic resonance methods [70, 71, 75].

In Figs. 14 and 15, we show the deviations of sound-speed data at gas-like densities from 

both our EOS and that of Span and Wagner. The accurate resonance data (most of which 

were unavailable to Span and Wagner) are shown with red symbols. We note that there 

are many additional “Novikov” points (at least as many as are visible on the figures) with 

positive deviations higher than the 0.2 % chosen as the upper limit for Figs. 14 and 15.
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Table 5. Comparison for speed-of-sound data

 This work  Span and Wagner

 First author N  AARD (%)  Bias (%)  AARD (%)  Bias (%)

 Estrada-Alexanders [70] 59 0.019 −0.004 0.017 0.015

 Estrada-Alexanders [71] 123 0.018 0.018 0.024 0.024

 Kanischchev [72] 9 1.566 1.062 2.377 2.236

 Lemming [73] 50 0.011 0.001 0.014 0.007

 Lin [74] 47 0.225 −0.092 0.488 −0.199

 Liu [75] 74 0.010 0.010 0.016 0.016

 Pecceu [76] 31 0.450 −0.429 0.528 −0.208

 Pitaevskaya [77] 176 1.045 −0.647 0.761 −0.020

 Rivas [78] 49 0.287 0.189 0.432 0.054

Fig. 14. Deviations of experimental sound-speed data from the new EOS and that of Span 

and Wagner for densities below 12 mol/L, as a function of temperature.
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Fig. 15. Deviations of experimental sound-speed data from the new EOS and that of Span 

and Wagner for densities below 12 mol/L, as a function of pressure.

Both EOS perform similarly well for the high-quality data (the red points), although the 

new EOS has slightly smaller deviations for most of these data (most visible in Fig. 15; see 

also Table 5) and is slightly better for the high-temperature points of Estrada-Alexanders 

and Trusler [70] visible in Fig. 14.

Figures 16 and 17 show similar information for high densities, where there are two new 

high-quality data sources [74, 78] (shown in red symbols) in addition to the two sources 

that Span and Wagner mainly relied on for liquid-like densities [76, 77]. We also plot a few 

points from a 1981 study that extends the pressure range to 800 MPa [72].
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Fig. 16. Deviations of experimental sound-speed data from the new EOS and that of Span 

and Wagner for densities above 12 mol/L, as a function of temperature.

Fig. 17. Deviations of experimental sound-speed data from the new EOS and that of Span 

and Wagner for densities above 12 mol/L, as a function of pressure.

At these liquid-like densities, some areas of modest improvement can be seen. The new 

EOS is in significantly better agreement with the two new sources [74, 78] (which were not 

available to Span and Wagner), although for many points the deviation is still not within 

the standard relative uncertainty of 0.1 % [74] or approximately 0.2 % [78]. A better repre-

sentation is obtained of the sound speeds for the saturated liquid measured by Pecceu and 
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Van Dael [76]. The high-pressure points of Kanischchev et al. [72] are also in somewhat 

better agreement as can be seen in Table 5.

4.7. Heat Capacities

We first consider the isobaric (constant-pressure) heat capacity, cp. We will not plot data

for this quantity at low pressures, because that would be mostly redundant with the ideal-

gas heat capacity c◦p discussed in Sec. 4.1. Even at moderately higher densities, the behav-

ior of cp is determined by c◦p and the temperature derivatives of the virial coefficients B(T )
and C(T ) discussed in Sec. 4.2. We therefore limit our comparisons to densities greater

than 2 mol/L.

Span and Wagner primarily relied on data from two 1989 papers by Ernst and coworkers 

[79, 80], where the reported data have relative uncertainties on the order of 1 %, which is 

good accuracy for heat-capacity measurements on compressed gases. We show these data 

in red in the figures below. More recently, Ishmael et al. [81] provided data with similar 

uncertainties. We have also included three additional sources of fair accuracy [82–84], in 

part to show a wider range of conditions.

Figures 18 and 19 show the deviations of the experimental data from our EOS and from the 

EOS of Span and Wagner, as a function of temperature and of pressure, respectively. It is 

evident that there is no significant difference between the two EOS in their representation 

of these cp data. Both EOS can reproduce the most accurate data [79–81] approximately

within their uncertainties. A few points have deviations off the scale of the figures; these 

are at states near the critical point where cp diverges and becomes difficult to measure.

Fig. 18. Deviations of experimental isobaric heat-capacity data from the new EOS and 

that of Span and Wagner for densities above 2 mol/L, as a function of temperature.
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Fig. 19. Deviations of experimental isobaric heat-capacity data from the new EOS and 

that of Span and Wagner for densities above 2 mol/L, as a function of pressure.

Next, we consider the isochoric (constant-volume) heat capacity cv. Many of the experi-

mental studies of cv were focused on studying its weak divergence very near the critical

point. In this section, we exclude those studies (which will be considered in Sec. 5) and 

compare only with those that cover a wider range of conditions. Deviation plots for three 

wide-ranging studies [85–87] are shown in Figs. 20 and 21.

Fig. 20. Deviations of experimental isochoric heat-capacity data from the new EOS and 

that of Span and Wagner, as a function of temperature.
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Fig. 21. Deviations of experimental isochoric heat-capacity data from the new EOS and 

that of Span and Wagner, as a function of pressure.

As was the case with cp, there is negligible difference between the two EOS in representa-

tion of this property. Larger deviations are visible near the critical point, where cv weakly

diverges and measurements are difficult. Both EOS reproduce many (but not all) of the 

data of Magee and Ely [87] within their claimed uncertainties of 0.5 % in the liquid and 

2 % in the vapor. There is a systematic discrepancy with the data reported by Amirkhanov 

and coworkers [85, 86] at higher temperatures. The fact that the same deviation is ob-

served with two independently fitted EOS, both of which were also fitted to data (such as 

sound speeds) that are generally measured with more accuracy than cv, suggests that the

problem lies with the reported data.

The isochoric heat capacity can also be measured in the two-phase region, where the quan-

tity represents a combination of the heat capacities of the vapor and liquid phases and the 

latent heat of vaporization. Several researchers have reported this quantity [85–92]; in 

most cases the behavior near the critical point was the main interest but some studies 

[87, 88, 90] covered a wider range of conditions.

In Fig. 22, we plot the deviations of data from the two EOS versus temperature (a pres-

sure plot would be redundant because in the two-phase region pressure is determined by 

the temperature). For clarity, we exclude the data of Amirkhanov and coworkers [85, 86], 

which systematically deviate in the positive direction by amounts on the order of 5 %. To 

avoid distortions very near the critical point, we exclude points at temperatures above 

304 K. Some differences near the critical temperature are noticeable between the left and 

right panels of Fig. 22, but neither EOS can be said to perform better than the other.
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Fig. 22. Deviations of experimental isochoric heat-capacity data in the two-phase region 

from the new EOS and that of Span and Wagner, as a function of temperature.

5. Behavior Near the Critical Point

The Span–Wagner equation of state contained some special “nonanalytical” terms in an 

attempt to reproduce the unusual fluid behavior very near the critical point. These terms 

also, however, caused unphysical oscillations in certain thermodynamic derivatives. One 

of the goals of this work was to construct an EOS without unphysical behavior while main-

taining a good description of thermodynamic data near the critical point.

We begin by assessing the performance of the EOS for density in the critical region. Be-

cause the density becomes sensitive to small perturbations of temperature and pressure, 

it is common to evaluate density data in this region in terms of the deviation in pressure 

for a fixed temperature and density. We examine data at temperatures between 303 K and 

307 K (near the critical temperature of 304.1282 K) and densities within 20 % of the critical 

density.

By far the most extensive study of densities in the critical region was the thesis of Tielkes 

[49] at the Ruhr University of Bochum, but the studies from Bochum of Duschek et al. [14,

35] and Nowak et al. [21] also have some points in the region considered, and a single

set of measurements on the critical isotherm was reported by Straub [93]. In Table 6, we

report the AARD and Bias from each of these sources. Because the density is very sensitive

to temperature and pressure in this region, we report the AARD and Bias not in terms of

density deviation as was the case in Sec. 4.7, but in terms of pressure as a function of

temperature and density.

The Span–Wagner EOS better reproduces the single isotherm of Straub, but for the other 

studies, including the extensive data set from Tielkes, the new EOS has a lower AARD.
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Table 6. Comparison for density data in the critical region. Statistics are based on relative 

deviations in pressure as a function of T  and ρ

 This work  Span and Wagner

 First author N  AARD (%)  Bias (%)  AARD (%)  Bias (%)

 Duschek [14, 35] 31 0.0023 0.0013 0.0037 0.0004

 Nowak [21] 22 0.0004 −0.0002 0.0028 −0.0024

 Straub [93] 24 0.0039 0.0039 0.0003 0.0002

 Tielkes [49] 1936 0.0014 0.0013 0.0026 −0.0020

The isochoric heat capacity cv of CO2 has been studied extensively in the critical region

because its weak divergence provides a test for theories of critical scaling. Painstaking 

experiments were performed by Edwards [94]; these data were reanalyzed (with extra 

attention to the temperature scale) in conjunction with the work of Albright et al. [89]. 

The corrected data were not given in [89], but a tabulation was obtained from one of the 

authors of [89] and the tabulated data are available in [34].

In Fig. 23, we plot experimental data for cv reported for densities at (or very near) the

critical density. In addition to the data from Albright et al. [89], we include two studies [90,

91] that are generally consistent with these data. Two other studies [88, 92] are omitted for

clarity; they are consistent with the others but show higher scatter. The plot also shows cv
calculated on the critical isochore from our new EOS and from the EOS of Span and Wagner. 

This figure is similar to Fig. 11 in [9].

Fig. 23. Isochoric heat-capacity of CO2 along the critical isochore from experiment and 

from equations of state. States on the left portion of the graph are in the two-phase 

region, with one-phase states in the right portion.
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Both equations of state reproduce the experimental data very well. The new EOS is in 

slightly better agreement with data in the two-phase region (the portion of Fig. 23 to the 

left of the peak), while the Span–Wagner EOS is slightly better in the one-phase region 

(the right portion). The Span–Wagner EOS, with its special nonanalytical terms, is better 

able to describe the divergence in the one-phase region very close to the critical point (as 

evidenced by the peak in the red-dashed curve that the new EOS does not have), but the 

difference is only apparent in a tiny region within about 0.01 K of the critical temperature.

Additional near-critical data come from Kurzeja et al. [22], who reported the isothermal 

compressibility on an isochore near the critical density at temperatures slightly above the 

critical temperature. In Fig. 24, we plot these data (and also calculations from the Span–

Wagner EOS) as the relative deviation from the new EOS. We limit the plot to data above 

304.2 K, both because the critical point measured by Kurzeja et al. differed slightly from 

that used in the two EOS considered (see Sec. 2), which would distort comparisons very 

close to Tc, and because Kurzeja et al. observed that the isothermal compressibility in their

experiments was distorted by gravity within approximately 55 mK of Tc. The new EOS is

in very good agreement with these data, while the Span–Wagner EOS shows a systematic 

deviation within 0.5 K of Tc.

Fig. 24. Difference of experimental isothermal compressibility data [22] for CO2 and 

calculations from the Span–Wagner EOS from the new EOS at a density of 468.511 kg m−3.

One of the motivations for the new EOS was to remove some unphysical behavior that 

exists in the EOS of Span and Wagner for some derivative properties near the critical point; 

we will demonstrate two such cases here.
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The first is the behavior of the isobaric heat capacity cp at temperatures slightly above Tc.

Figure 25 (which parallels Fig. 15 in [9]) shows cp as a function of density for a temperature

0.1 K above the critical temperature. The Span–Wagner EOS has an unphysical depression 

in the function, while our new EOS correctly has a smooth peak.

Fig. 25. Behavior of the isobaric heat capacity as a function of density for an isotherm 

0.1 K above the critical temperature.

The heat capacity is a (second) temperature derivative of the thermodynamic potential, 

but a very similar situation exists with the isothermal compressibility κT , defined by

κT =−1
v

(
∂v
∂ p

)
T
, (11)

where v = 1/ρ  is the molar volume. This property depends on the first and second density

derivatives of the thermodynamic potential.

Figure 26 shows the isothermal compressibility at a supercritical isotherm, 304.3 K. The 

behavior is very similar to that for cp; the EOS of Span and Wagner displays unphysical

behavior at densities within roughly 10 % of the critical density, while the EOS developed 

in this work correctly produces a smooth peak.
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Fig. 26. Behavior of the isothermal compressibility as a function of density for a 

supercritical isotherm at 304.3 K.

It was noted by Huber et al. [11] that these unphysical behaviors of the Span–Wagner 

EOS distort calculations of the thermal conductivity near the critical point, because the 

enhancement of the thermal conductivity in the extended critical region depends on both 

cp and κT . The new EOS eliminates that problem.

6. Range of Validity and Extrapolation

The range of validity of the equation of state is the stable fluid region up to a temperature 

of 2000 K and a pressure of 1000 MPa. At pressures above the triple-point pressure of 

0.517 95 MPa, the lower temperature limit is the melting curve, which begins at the triple-

point temperature of 216.5909 K [15] and goes to higher temperatures with increasing 

pressure; the melting curve is described in Sec. 10.1. Below the triple-point pressure, the 

boundary is the sublimation curve, which is described in Sec. 10.2.

We note that there are few experimental data above 800 K and above 150 MPa, so the 

properties computed from the EOS are more uncertain in those regions as described fur-

ther in Sec. 8.

Physically reasonable extrapolation behavior of an equation of state is important. This 

is not only because some people might wish to model states beyond the official range 

of validity, but also because in mixture calculations the EOS may be called at conditions 

somewhat outside the range in which it was fitted. If the extrapolation is not physically 

reasonable, mixture calculations may fail or produce unreasonable results.

There are a few experimental data at extreme conditions that can provide a test of ex-

trapolation. Datchi et al. [95] performed x-ray diffraction experiments in a diamond-anvil 
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cell at 709 K and reported densities (with relatively large uncertainties) up to 10 GPa. The 

densities were only shown graphically, but we obtained the numerical data from the au-

thors and they are tabulated in [34]. Figure 27 shows that, while the two EOS extrapolate 

somewhat differently, both are generally consistent with these data within the scatter and 

uncertainty of the experiments.

Fig. 27. Comparison of EOS extrapolation to high pressure for diamond-anvil cell density 

data of Datchi et al. [95] at 709 K.

Giordano et al. [96] reported Brillouin scattering measurements in a diamond-anvil cell 

up to 700 K and 8 GPa. These experiments produced a quantity that can, with assump-

tions about relaxation processes explained in [96], be related to the thermodynamic sound 

speed. The numerical data were obtained from the authors and tabulated in [34]. Both 

because the experiments are at extreme conditions and because the procedure for con-

verting the measured quantity to thermodynamic sound speed relies on approximate as-

sumptions, the resulting sound speeds have significant uncertainty, especially at higher 

pressures, perhaps on the order of 5–10 %.

In Fig. 28, we plot the thermodynamic sound speed for the 700 K isotherm along with 

calculations from both the new EOS and the Span–Wagner EOS. Both EOS agree with the 

data well at lower pressures and extrapolate to higher pressures in a physically reasonable 

manner, but at very high pressures (above the 1 GPa maximum valid pressure for the new 

EOS) the extrapolation of the new EOS is inferior to that of the Span–Wagner EOS. This is 

also true for the 500 K and 600 K isotherms from [96], and to a lesser extent for the 400 K 

and 300 K isotherms. This is a shortcoming that should be addressed in the development 

of a future reference EOS for CO2. In the meantime, use of the Span–Wagner EOS may be 

preferred for geological and planetary applications at pressures above 1 GPa.
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Fig. 28. Comparison of EOS extrapolation to high pressure for diamond-anvil 

sound-speed data of Giordano et al. [96] at 700 K.

The characteristic curves (sometimes called “ideal curves”) are one indicator of the physical 

behavior, including extrapolation behavior, of an equation of state. The following curves 

are defined based on the compressibility factor Z ≡ p/ρRT :

Z = 1, (12)(
∂Z
∂ρ

)
T
= 0, (13)(

∂Z
∂T

)
p
= 0, (14)(

∂Z
∂T

)
ρ

= 0, (15)

Equation (12) is called the ideal curve, Eq. (13) is called the Boyle curve, Eq. (14) is called 

the Joule–Thomson inversion curve, and Eq. (15) is called the Joule inversion curve.

For a well-behaved equation of state, these curves should be smooth and continuous, both 

within the range of validity and when extrapolated outside it. Figure 29 shows their be-

havior for the new EOS and for that of Span and Wagner. Both EOS perform well for the 

most part, although the new EOS provides smoother behavior of the Joule inversion curve 

at high pressures and low temperatures (this is far into the region where the equilibrium 

phase would be a solid, but it could conceivably be accessed in mixture calculations).
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Fig. 29. Characteristic curves for this work and for the Span–Wagner EOS: Ideal curve (ID, 

dashed curve); Boyle curve (dotted curve, BL); Joule–Thomson inversion curve 

(short-dashed curve, JTI); Joule inversion curve (dash-dot curve, JI). The solid curve 

marked psat is the vapor-pressure curve, ending in the critical point which is a solid circle.

7. Auxiliary Functions

While the equation of state provides a complete account of the thermodynamics, for com-

putational purposes (including initial guesses in iterative procedures) it is convenient to 

have simpler equations for certain quantities that are only functions of temperature. In this 

section, we provide such auxiliary functions, which closely reproduce calculations from the 

full EOS, for the saturated vapor pressure and for the saturated vapor and liquid densities.

Because the differences along the saturation boundary are small between our EOS and that 

of Span and Wagner [9], we adopt the same functional forms they used for their auxiliary 

equations. Only small adjustments to the coefficients (in addition to the small changes in 

critical density and critical pressure between the two EOS) are needed to fit the results 

computed from our EOS.

For the vapor pressure ps(T ), the auxiliary equation is

ln
(

ps(T )
pc

)
=

Tc

T

4

∑
i=1

ai

(
1− T

Tc

)ti
,

[ ]
(16)

with a1 = −7.059 904, a2 = 1.939 133, a3 = −1.646 356, a4 = −3.299 563, t1 = 1, t2 = 1.5, t3 = 2,

and t4 = 4.

For the saturated liquid density (T ), the auxiliary equation isρL

ln
ρL(T )

ρc
=

4

∑
i=1

ai 1− T
Tc

i

,

( ) ( )t

(17)
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with a1 = 1.929 233, a2 = −0.630 916, a3 = −0.324 714, a4 = 0.396 134, t1 = 0.34, t2 = 0.5,

t3 = 10/6, and t4 = 11/6.

For the saturated vapor density ρV(T ), the auxiliary equation is

ln
ρV(T )

ρc
= ∑

i=1
ai 1− T

Tc

i

,

( ) 5 ( )t

(18)

with a1 = −1.696 815, a2 = −0.845 878, a3 = −4.577 673, a4 = −10.130 93, a5 = −29.7956,

t1 = 0.34, t2 = 0.5, t3 = 1, t4 = 7/3, and t5 = 14/3.

Fig. 30. Deviations of auxiliary equations for vapor pressure [Eq. (16)], saturated liquid 

density [Eq. (17)], and saturated vapor density [Eq. (18)] from the values computed 

rigorously from the equation of state.

Figure 30 shows the deviations of these auxiliary functions from the values obtained from

the complete solution of the phase-equilibrium conditions for the equation of state. The

deviations for the vapor pressure [Eq. (16)] are quite small, within 0.004 %. For the satu-

rated liquid [Eq. (17)] and vapor [Eq. (18)] densities, deviations are within 0.01 % except

very near the critical point.

 

 

 

8. Uncertainty

Span and Wagner [9] described the uncertainty of their equation of state for various prop-

erties in terms of a “tolerance” based on the fit to experimental data and the uncertainty 

of the underlying data. While they did not assign a definite meaning to this, we believe 

it is reasonable to interpret these as expanded uncertainties with coverage factor k = 2,

comparable to a 95 % confidence interval.
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As is evident from the comparisons in Sec. 4, for most properties at most conditions within 

the range of validity the reproduction of data is very similar between our EOS and the 

Span–Wagner EOS.

For the expanded (k = 2) relative uncertainty in vapor pressure, we estimate 0.01 % based

on Fig. 5; Span and Wagner estimated 0.012 %. For the saturated liquid density, we adopt 

the estimates of Span and Wagner for the expanded uncertainty of 0.015 % below 295 K, 

0.05 % between 295 K and 303 K, and 1 % between 303 K and Tc. For the saturated vapor

density, we adopt the Span–Wagner estimates of 0.025 % below 295 K, 0.08 % between 

295 K and 303 K, and 1 % between 303 K and Tc.

For density in the single-phase region, the uncertainties given in Fig. 38 of [9] are applicable 

to the new EOS as well. Similarly, we would not advocate changing the uncertainties for 

isobaric heat capacity expressed in Fig. 40 of [9].

For the sound speed, new experimental data described in Sec. 4.6 allow us to reduce the 

estimated uncertainty in some regions compared to that shown in Fig. 39 of [9]. For that 

paper’s Region B (vapor between roughly 1 MPa and 5 MPa, up to 473 K), we reduce the 

estimate of the expanded (k = 2) uncertainty from 0.25 % to 0.05 %. For Region C (vapor

up to 473 K between roughly 5 MPa and 10 MPa), we reduce the estimate from 0.5 % to 

0.05 %. For liquid and dense supercritical states (Regions D and E) whose uncertainties in 

[9] ranged from 0.5 % to 2 %, we estimate 0.5 % at pressures up to 200 MPa at temperatures

up to 400 K.

For all of these single-phase properties, we note that the uncertainties at the low-pressure 

end of the gas-phase portion of Figs. 38-40 in [9] become somewhat smaller than those 

shown in that paper, because the behavior approaches that of an ideal gas with uncertainty 

approaching zero (or approaching the uncertainty of c◦p for the isobaric heat capacity).

9. Computational Speed

The computational speed of an equation of state depends on both the number of terms 

in the formulation and on the types of terms; these factors may contribute differently de-

pending on the computer and compiler used and on details on the implementation in com-

puter code.

The EOS developed here has 24 terms (excluding the ideal-gas part), while that of Span and 

Wagner has 42 terms, three of which are so-called “nonanalytic” terms with a complicated 

functional form. While we have not performed comprehensive timing analysis, our limited 

testing indicates that, when used in the REFPROP software [10], the new EOS is faster to 

evaluate than the Span–Wagner EOS by factors of 1.5 to 2.
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10. Melting and Sublimation Curves

The stable fluid region described by the equation of state is bounded at low temperatures 

by the melting and sublimation curves. Span and Wagner [9] provided empirical equations 

for these curves fitted to experimental data. Trusler [97] developed a model for the Gibbs 

energy for the solid and solved for the phase-equilibrium condition with the fluid EOS of 

Span and Wagner. Melting and sublimation data provided input for Trusler’s solid EOS, so 

it is coupled both to the input data used and to the Span–Wagner EOS.

While both the Span–Wagner and Trusler formulations for the melting and sublimation 

curves provide reasonable descriptions, their use with the new EOS would not be seam-

less because they use a slightly different triple-point temperature. While our triple-point 

pressure of 0.517 95 MPa matches what was used previously, our triple-point tempera-

ture of 216.5909 K (from the metrological measurement in [15]) differs slightly from the 

216.592 K used previously. This means that direct use of the existing formulations would 

cause a small discontinuity in the phase diagram. Instead of attempting to patch one of the 

older formulations, we have chosen to develop new melting and sublimation correlations.

One reason for developing new correlations is that we wish to impose thermodynamic con-

sistency with other phase-change data by means of the Clapeyron equation. The Clapeyron 

equation relates the slope of the phase-transition boundary dptr/dT  to the enthalpy and

volume changes of the transition:

dptr

dT
=

∆htr

T ∆vtr
, (19)

where ∆htr and ∆vtr are the changes in molar enthalpy and molar volume for the melting or

sublimation transition. The initial slope at the triple point is important when using triple-

point cells in precision thermometry (where CO2 is being studied as a replacement for the 

current ITS-90 mercury fixed point [15, 98, 99]), and consideration of the initial Clapeyron 

slope has been used to improve the correlation of the melting curve of SF6 [100]. Some 

information about ∆htr and ∆vtr was used to inform the solid EOS of Trusler [97], but we

are able to include additional information, including a high-accuracy measurement of the 

enthalpy of melting ∆hm at the triple point [101] that the previous workers were apparently

unaware of.

10.1. Melting Curve

There are a number of experimental data sources for the melting curve of carbon dioxide; 

some of them require special handling in order to convert their reported temperatures 

and/or pressures to modern scales.

The pioneering work of Bridgman [102] extended to approximately 1200 MPa and 367 K. 

However, it has been recognized since at least the 1960s [103] that the calibration of 

Bridgman’s pressure gauge was slightly in error. He used a one-point calibration based on 
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the freezing pressure of mercury at 0 ◦C, which he took (in his units) to be 7640 kgf/cm2

(749.23 MPa). The best current value for this reference pressure is 756.84 MPa [104]. As 

recommended by Babb [103], we therefore multiply the pressures of Bridgman [102] by 

the ratio of these two pressures, which is 1.0102.

Michels et al. [105] studied the melting curve up to roughly 290 MPa (266 K), including 

some points near the triple point. However, care must be taken with the temperatures 

they reported, which were not on a standard scale. Span and Wagner [9] applied a constant 

offset to these temperatures to account for the different value assumed for the triple-point 

temperature of CO2, but this simple adjustment can be improved. Michels et al. calibrated 

their thermometer at multiple points; in the range of interest here this included not only 

the triple point of CO2 but also the freezing point of mercury at standard atmospheric pres-

sure and the triple point of water. This means that the offsets to ITS-90 are different at dif-

ferent temperatures. For the triple point of CO2, Michels et al. [105] used 216.58 K, which 

differs from the current value of 216.5909 K [15], requiring an adjustment to Michels’ data 

of +0.011 K at that temperature. For the melting point of Hg, Michels et al. used 234.319 K 

[106] while the current recommendation is 234.3210 K [107], for an offset of +0.002 K. At

the triple point of water (273.16 K), the offset is zero. We therefore applied an adjustment

to the temperatures of Michels et al. obtained by linear interpolation between whichever

two of these points bracketed the reported temperature.

Clusius et al. [108] reported points on the melting curve at pressures up to 24 MPa. Their 

temperature scale was based on a literature vapor-pressure equation for propane. Rather 

than reconstruct that indirect measurement, we can take advantage of the fact that they 

reported a triple point for CO2 of 216.60 K, compared to the current value of 216.5909 K. 

Since the temperature range covered by Clusius et al. is only 5 K, it is reasonable to apply 

the corresponding adjustment of −0.009 K to all of their temperatures.

Giordano et al. [96] measured the melting curve at high temperatures and pressures (up to 

800 K and 11 GPa) in a diamond-anvil cell. Data were presented graphically in the paper, 

but the authors supplied numerical data to us. Additional diamond-anvil melting data, 

extending up to 681 K and 7 GPa, were supplied by Abramson; these correspond to re-

sults shown graphically in a 2017 paper [109] and to some earlier unpublished data [110]; 

both sets are tabulated in [34]. It should be noted that the measurement of pressure in 

diamond-anvil cells is indirect, relying on the pressure dependence of optical properties 

of substances placed in the cell such as ruby or boron nitride, and it is not uncommon for 

different laboratories to differ somewhat in their pressure scales.

The slope dpm/dT  at the triple point can be obtained from the enthalpy of melting at the

triple point reported by Ancsin [101] in the context of studies of CO2 triple-point cells. A 

value of 200 J g−1 (8802 J mol−1) was obtained. For the volume change of melting, Krupskii 

et al. [111] gave a solid molar volume at the triple point of 28.56 cm3 mol−1, obtained by 

extrapolation of x-ray diffraction experiments conducted up to 200 K. For the liquid molar 
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volume, our equation of state gives 37.345 cm3 mol−1, for a volume change on melting ∆vm
= 8.785 cm3 mol−1. From Eq. (19), the initial Clapeyron slope is 4.63 MPa K−1.

Significantly lower initial slopes are obtained if older data [112, 113] are used for ∆hm at

the triple point; these values are inconsistent with the available data [105, 108] for the 

melting curve at low pressures. The same inconsistency was noted by Trusler [97], who 

used melting-curve data and the volumes of Krupskii et al. [111] to fit his equation of state 

for the solid and observed that the derived enthalpy of melting differed from literature 

values [112, 113] (Trusler was apparently unaware of the measurement of Ancsin [101], 

and cites another source [114] that only gives an indirect estimate of ∆hm rather than a

measurement).

We should not arbitrarily dismiss the two older measurements of ∆hm, but in both cases

there is evidence that the values are inaccurate. Maass and Barnes [112] reported ∆hm of

45.3 cal g−1 (8340 J mol−1). In the same paper, they reported an enthalpy of sublimation 

at standard atmospheric pressure that agrees with other reliable data [115]. They used 

this enthalpy of sublimation, along with their enthalpy of melting and some small correc-

tions, to obtain an enthalpy of vaporization of the liquid at the triple point of 88.1 cal g−1

(16 220 J mol−1). However, this enthalpy of vaporization is accurately known from the EOS, 

and amounts to 15 425 J mol−1, implying that the ∆hm from Maass and Barnes is too small.

Eucken and Hauck [113] reported ∆hm of 1900.3 cal mol−1 (7950 J mol−1), about 10 %

lower than the value of Ancsin. In the same paper, they reported values of ∆hm that are

also significantly low (on the order of 10 %) compared to more recent measurements for 

argon [116, 117] and ethene [118]. This strongly suggests a systematic error.

We are therefore justified in rejecting the two older data for ∆hm in favor of the value from

Ancsin [101], which produces a Clapeyron slope of 4.63 MPa K−1 that is consistent with the 

experimental melting curve. However, because no uncertainty was given for ∆hm, we do

not force the fit to have exactly that initial slope, but instead require it to be consistent 

within 1 %.

For the functional form of the melting equation, Trusler [97] found that the two-term ex-

pression used by Span and Wagner [9] was not able to reproduce melting data at pressures 

above 5̃00 MPa. Trusler used a three-term expression of the form

pm = pt

[
1+d1

(
T
Tt
−1

)
+d2

(
T
Tt
−1

)2

+d3

(
T
Tt
−1

)n
]
, (20)

with the exponent n on the last term set to 3. However, the initial slope of Trusler’s correla-

tion (which is d1 pt/Tt) is 4.81 MPa/K; this is inconsistent by roughly 4 % with the Clapeyron

slope of 4.63 MPa/K obtained from Ancsin’s careful measurement of ∆hm.

We fitted melting data to Eq. (20), finding better results with the exponent n = 4. Because

of the larger uncertainty inherent to diamond-anvil experiments, we gave lower weight 
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to points from that method at pressures below 1200 MPa where data from more conven-

tional experiments exist. We also excluded one point of Michels et al. [105] that was very 

close to the triple point and seemed to be an outlier. Our recommended melting-pressure 

equation is Eq. (20) with d1 = 1950, d2 = 1883.71, d3 = 38.0324, and n = 4. This produces an

initial slope dpm/dT  of 4.66 MPa/K, within 1 % of the value calculated from the Clapeyron

equation.

In Fig. 31, we plot the percent deviation of the experimental data and of the two previous 

correlations from our melting-curve correlation, Eq. (20). The left panel shows the initial 

part of the curve, up to 240 K (where the pressure is near 120 MPa). The poor initial 

slope of the Trusler correlation is apparent; both our correlation and that of Span and 

Wagner give good results in this region. The right panel shows the entire range of data, 

corresponding to pressures up to roughly 11 GPa. Both our correlation and that of Trusler 

are able to describe the high-pressure data within their scatter, but the correlation of Span 

and Wagner is inadequate at these pressures.

Fig. 31. Deviations of experimental data and of two previous correlations from our 

correlation for the melting curve, Eq. (20). Note the change in vertical scale between the 

two panels.

10.2. Sublimation Curve

For the sublimation curve, we can also obtain an initial slope at the triple point from the 

Clapeyron equation. The enthalpy of sublimation ∆hsub can be obtained by adding the

melting enthalpy of Ancsin [101] to the enthalpy of vaporization at the triple point from 

the EOS; the result is 24 227 J mol−1. Alternatively, we can take the enthalpy of sublimation 

at the normal sublimation point (p = 0.101 325 MPa) reported by Giauque and Egan [115]

and correct it by adding the change in enthalpy of the saturated vapor from the normal 

sublimation point to the triple point (computed with our EOS) and subtracting the change 
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in enthalpy of the solid between those two points (computed from the solid equation of 

state of Trusler [97]). The result is 24 267 J mol−1. The consistency of these two approaches 

(which would be perfect if Ancsin’s ∆hm were 201 J g−1 instead of 200 J g−1; the difference

could be within the unstated uncertainty of Ancsin’s result) reinforces our decision to adopt 

the melting enthalpy of Ancsin [101] in preference to older data. The volume change of 

sublimation at the triple point is computed using our equation of state for the vapor and 

the solid volume from Krupskii et al. [111]; ∆v is 3169.9 cm3 mol−1. If we use the aver-

age of the two ∆hsub values derived above, the resulting dpsub/dT  is 0.0353 MPa K−1. The

sublimation-pressure equation proposed by Span and Wagner [9] is consistent with this 

Clapeyron slope, while the equation of Trusler [97] produces a slope about 1.5 % too large.

Data for sublimation pressures have been measured in several studies; some of the most 

precise work was around the normal sublimation point and those data have been carefully 

analyzed in the context of metrology. We require agreement within its uncertainty with the 

normal sublimation point recommended as a secondary reference point for temperature 

metrology by Bedford et al. [107], who give an ITS-90 temperature of 194.686 K with 

an uncertainty of 0.003 K at a sublimation pressure of 0.101 325 MPa. In previous work, 

the correlation of Span and Wagner [9] agreed with this point, but that of Trusler [97] 

produces a normal sublimation temperature of 194.673 K, well outside the uncertainty of 

that reference value.

We consider two experimental sources that Span and Wagner categorized as primary [119,

120] and one older study that they categorized as secondary [115]. In addition, Barber

[121] performed precise measurements at pressures near 0.1 MPa. Baughman et al. [122]

measured vapor pressures between approximately 201 K and 212 K in the context of mix-

ture studies. Ancsin made precise metrological measurements between 170 K and 194.7 K

that were presented in equation form in a report [123]; unfortunately, the underlying data

were never published. We also consider the mass spectrometric data of Tickner and Loss-

ing [124] because they cover low temperatures (106–154 K) where other data are lacking.

We do not include the sublimation pressures given in isotopic fractionation studies by Bil-

kaldi et al. [125] and Eiler et al. [126], the former of which were included in some previous 

work. In both of these studies, literature data for the vapor pressure of pure CO2 with nor-

mal isotopic composition was used in some manner to calibrate the apparatus, meaning 

that the reported sublimation pressures do not represent independent data.

Like previous work [9, 97], we focus most of our attention on temperatures above 150 K. 

The low-temperature data of Tickner and Lossing [124] were included with a low weight 

in order to ensure reasonable extrapolation to those temperatures. We also gave lower 

weight to the older, more scattered data of Giauque and Egan [115] and to the data of 

Baughman et al. [122] that seemed to exhibit more scatter. We chose the same general 

functional form as has been used in previous work [9, 97], with somewhat different expo-
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nents that were optimized by trial and error. The recommended correlation is

ln
psub

pt
=

Tt

T
d4 1− T

Tt
+d5 1− T

Tt

1.9

+d6 1− T
Tt

2.3

, (21)

( ) ( )[ ( ) ( ) ( ) ]

with 4 = −14.82, 5 = 5.2016, and 6 = −6.7287. This produces a slope at the triple point

of 0.0354 MPa K−1 and a normal sublimation temperature of 194.6858 K.

d  d d  

Figure 32 compares Eq. (21) and the two older correlations to the experimental data. Our 

correlation is in very good agreement with the high-accuracy data sources that exist above 

170 K [119–121, 123]. Notably, we agree with the recommended normal sublimation 

point, which the correlation of Trusler does not. The correlation of Span and Wagner also 

performs well in most of this region, although it appears to be deviating in the positive 

direction below 180 K.

Fig. 32. Relative deviations of experimental data and of two previous correlations from 

our correlation for the sublimation curve, Eq. (21).

Not shown in Fig. 32 is the extrapolation to lower temperatures, where the available data 

are of much lower accuracy due to the very low pressures involved. Our differences from 

the data of Tickner and Lossing [124] are mostly on the order of 5 %, rising to 13 % below 

110 K. Data from Bryson et al. [127], which were not used at all in our fit, cover roughly 

70–100 K; they are generally reproduced within a factor of two, which is similar to their 

scatter.
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11. Effect on Transport Property Reference Correlations

The equation of state affects the correlations for transport properties (viscosity and ther-

mal conductivity) in two ways. First, the transport properties are modeled as a function of 

temperature and density, while experimental data are almost always reported as a func-

tion of temperature and pressure. This requires an EOS to determine the density of the ex-

perimental measurements, and use of a different EOS will produce different densities and 

therefore different values for the transport properties. Second, certain properties from 

the EOS, such as the isothermal compressibility, appear in the theory-based expressions 

used to model the enhancement of transport properties near the critical point. For the 

viscosity, this enhancement is negligible for most purposes, but it is significant in a fairly 

wide region of the parameter space for the thermal conductivity.

The current reference formulations for these properties are the correlation of Laesecke and 

Muzny [128] for the viscosity and that of Huber et al. [11] for the thermal conductivity. We 

used comprehensive databases of experimental transport property data and compared 

calculations of those properties that used both the Span–Wagner EOS and the new EOS. 

The differences were much smaller than the uncertainties in the formulations and in the 

experimental data.

As a result of this analysis, we conclude that the existing formulations [11, 128] can con-

tinue to be used, with their existing parameters, in conjunction with the EOS developed in 

this work to calculate the viscosity and thermal conductivity of carbon dioxide.

12. Conclusions and Outlook

We have developed an equation of state for carbon dioxide as an alternative to the existing 

reference EOS by Span and Wagner [9]. While the Span–Wagner EOS remains the default 

in NIST’s REFPROP software [10], the new EOS can be used as an alternative by users who 

desire the greater computational speed and/or the other improvements noted below.

For most conditions of interest, both EOS produce very accurate results and neither per-

forms significantly better than the other in its representation of measured data. The new 

EOS provides an improved ideal-gas heat capacity, which means that its gas-phase heat 

capacities should be more accurate. The second virial coefficient B(T ) is improved except

in the range 250–350 K, and the third virial coefficient C(T ) is significantly improved. Data

near the critical point for densities and heat capacities are represented well in spite of the 

lack of the special near-critical terms that were used in [9]. The new EOS provides some 

improvement for sound speeds at some conditions and for supercritical densities. The new 

EOS is free of the unphysical oscillations in derivative properties near the critical point that 

afflicted the Span–Wagner EOS.
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The new EOS is faster than the Span–Wagner EOS by a factor of roughly 1.5–2 (within the 

framework of the NIST REFPROP software). This should be helpful for users who wish to 

perform highly iterative calculations.

There are some areas that should be improved or at least further examined in any future 

effort to produce a definitive reference EOS. There appears to be room for improvement in 

describing the vapor pressure between 220 K and 260 K. The description of sound speeds 

at pressures above 1 GPa seems to be poor as shown in Fig. 28 (although one cannot be 

certain since only one data set is available). The behavior of the EOS in mixture calculations 

was among the motivations for this work; while the use of more modern EOS technology 

with good extrapolation behavior should improve that aspect of the performance, we did 

not have the labor available to check it. Given the importance of mixtures with CO2 in 

many applications, mixture behavior should play an important role when a final reference 

EOS is developed.

We reiterate that the previously developed formulations for viscosity [128] and thermal 

conductivity [11] can continue to be used in conjunction with the new equation of state.

Finally, we note that a Fluid file for use in NIST’s REFPROP software has been made available 

in the NIST Public Data Repository [129]. This file contains the alternative EOS formulation 

developed here, along with the new melting and sublimation correlations and also all of 

the property formulations that were already available in REFPROP Version 10.0 [10].
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Appendix A. Uncertainty of Calculated Virial Coefficients

Estimates of the uncertainties of the values for the second virial coefficient calculated by 

Hellmann were already provided in [33]. They decrease from 5.4 cm3/mol at 150 K (which

is approximately 0.8 % of the total value) to 0.5 cm3/mol at 420 K and remain at this level up

to 1000 K. Above 1000 K, they increase with increasing temperature and reach 1.0 cm3/mol

at 2000 K. For the extended values of the present work down to 75 K and up to 3000 K, a 

probably conservative estimate is that the uncertainty increases from 0.8 % at 150 K to 5 % 

at 75 K and from 1.0 cm3/mol at 2000 K to 2.0 cm3/mol at 3000 K. All of these estimates

correspond to combined expanded uncertainties with k = 2.

In Hellmann’s work on the higher virial coefficients of CO2 [43], uncertainty estimates were 

not provided for the individual virial coefficients. While the virial equation of state yields 

quite accurate values for the pressure as a function of density, as can be seen from the 

comparison with the Span–Wagner equation of state, this is partly due to an adjustment 

of the ab initio nonadditive three-body potential function. Hellmann performed this ad-

justment in such a manner that the calculated pressures agree well with those from the 

Span–Wagner EOS close to room temperature [43], which inevitably hides errors in the 

individual virial coefficients by forcing them to cancel out when combining all the virial co-

efficients into the full virial equation of state. With the adjustment, the pressure is repro-

duced within 0.08 % up to densities of 200 kg/m3 at the critical temperature of 304.128 K,

indicating that the individual errors of the virial coefficients cannot be severe. This conclu-

sion is corroborated by the fact that at temperatures away from room temperature, the 

deviations of the calculated pressures from those obtained with the Span–Wagner EOS are 

still quite small at densities for which the virial equation is sufficiently converged, despite 

the expectation that a near-perfect cancellation of errors should no longer occur at these 

temperatures. It should also be noted that at temperatures above about 700 K, for the 

third to seventh virial coefficients the contribution from the nonadditive three-body po-

tential is about an order of magnitude smaller than the main contribution, which is that 

of the pair potential. The high accuracy of the pair potential is evident from the excellent 

agreement of calculated values for the second virial coefficient and the dilute-gas shear 

viscosity with the best experimental data over a temperature range that extends from the 

triple-point temperature up to almost 1500 K [33].

Taking these considerations into account, a conservative estimate for the relative com-

bined expanded uncertainty (k = 2) of the third virial coefficient would be 10 % from the

temperature of the maximum (approximately 270 K) up to 2000 K. Below 270 K, the use 

of relative uncertainties is problematic because the third virial coefficient crosses zero at 

about 220 K. Therefore, it is assumed that the absolute uncertainty increases steadily from 

its value at 270 K with decreasing temperature such that at 150 K, which is the lowest 

temperature of the extended values of the present work, a relative uncertainty of 15 % 

is attained. The relative uncertainties for the higher virial coefficients should generally be 

somewhat larger than those for the third virial coefficient because the relative influence 
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of the nonadditive three-body potential increases with increasing order of the virial coeffi-

cient. At temperatures above about 700 K, where the influence of the nonadditive three-

body potential is always small, it is seen as highly unlikely that the calculated values for the 

fourth to seventh virial coefficients are in error by more than 15 % to 25 %, respectively.
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